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Abstract. We define a Dieudonne module as the module of Dieudonne elements, 
and set up Dieudonne module theory in a simple way. Under this formulation we 
give explicit formulae for the duality and the corresponding differential operators. 

0. Introduction 

The Dieudonne module theory of commutative group schemes has been set up 
for more than fourty years (see [Dem] and [Laz]). It gives an embedding of the 
category of finite commutative group schemes over a perfect field k to the category 
of modules over the ring 

A = W[F,V]/{FV -p, VF -p,Fa-a''F,Va-a''~W Va e W) 

(where W = W{k), the ring of Witt vectors over k) as a full subcategory. Since 
then the study of commutative group schemes, especially over a field of character- 
istic p > 0, have almost been the study of Dieudonne modules. 

However, for a long time the ways to formulate Dieudonne module theory had 
been quite indirect. Basically there were two ways: One was to set up Dieudonne 
module theory for p-divisible groups first, and then show that every finite com- 
mutative group scheme can be embedded into a p-divisible group as a closed sub- 
group scheme (see [Dem], [dJl] or [Laz]); the other used crystalline cohomology 
(see [BBM] or [Me]). Of course these ways of formulation are by no means simple. 

On the other hand, there was a simple definition of the Dieudonne module 
functor D, namely for a finite commutative group scheme over k such that both 
G and are infinitesimal, define D{G) = Homfc(G, W), where W is the Witt 
scheme over k (see [Dem] or [LO]). However, the proofs of the faithfulness of D 
were still quite indirect and by no means simple (see e.g. [dJl]). Until recently we 
saw a direct proof of this by Pink (see [P]). 
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In this paper we follow this idea, and we define D{G) to be a subset of "Dieudonne| 
elements" in the structure ring of G. This is a simple and direct formulation. 

For preparations, in §1 we write down some basic facts about differential oper- 
ators, and in §2 we write down some basic facts about the Witt scheme. For the 
convenience of the reader, we write down complete proofs of the well-known facts. 
Then in §3 we give a direct formulation of Dieudonne module theory. In particular 
we give a simple proof of the faithfulness of D. 

Under this formulation, it is natural to ask what are the Dieudonne elements of 
the Cartier dual. This problem is equivalent to giving an explicit isomorphism of 
the truncated Witt scheme Wn,n to its Cartier dual (under the usual coordinates). 
We give an answer in §4 for this problem: under the usual isomorphism 

Wn.m = Spec(yln,m) 

where 

(and specially chosen in the definition of Witt scheme), the follow- 

ing Fp-linear functional on ^n,m 



i=0 



1 if = ... = 0, jo =p'- 
otherwise 



is a "standard" Dieudonne element of = Spec(A^,^), which gives a standard 

isomorphism ~^ y^m,n- This fact is by no means obvious. 

In §5 we give an explanation of Dieudonne elements as differential operators. 
On Z[x] we can define differential operators 

1 r\P^ 

which can also be defined on R = ¥p[x]. By elementary calculus there is a poly- 
nomial A,, e Z(p)[a;o, yo, Xr, yr] such that for any a,b & R, 

D^P^\ab) = Xr{D^P°^ ® 1, 1 (8) D^P°\ D^p"^^ ® 1, 1 (g) D^P^^){a ® b) 

Using this wc explain the left invariant differential operators corresponding to 
the Dieudonne elements of the Cartier dual. For example, when m = we have 
Xr = (t>r (mod p), where 0^. is the polynomial in the definition of the addition of W. 
This gives another understanding of 0^. This also gives a hint to the understanding 
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via crystalline cohomology, because differential operator is a background of divided 
power. 

Acknowledgements. I wish to thank F. Oort, J.-M. Fontaine and P. Berthelot 
for their motivative discussions with me on this topic. 



1. Some prerequisites on the calculus about group schemes 

Thoughout this paper we denote by /c a perfect field of characteristic p > 0. 
A finite group scheme G = Spec(i?) over k is called inGnitesimal if is a local 
ring. If G is commutative, denote by G^ its Cartier dual. Denote by 2lb|"f the 
category of finite commutative infinitesimal group schemes whose Cartier duals 
are also infinitesimal. An object G G Ob(2lb!„f) is viewed as an "additive group 
scheme", and we denote by ac : G G — > G the binary operation (addition), 
0(3 : Spec (A;) — > G the zero section, and — 1g : G — > G the inverse. For convenience 

we denote by (iG,n 

: Gxfe • • • XfcG G the addition of n factors (n > 2). 

The facts in this section are basically well-known. We collect them together as 
an easy reference, but omit the proofs (which can all be found in [Li2]). 

Let G = Spec{R) G Ob(2tb|^f). A /c-differential operator D : R R is called 
left invariant if the following diagram is commutative 



(1.1) 

i?(8)fei? ^^11^ R^^R 

Denote by D = Oq o D : R ^ k, then by (1.1) we have 

D = (idfl (^k D) o a*Q : R ^ R (1.2) 

Hence D is determined by D. Denote by Diff{G/k) the set of all left invariant 
/c- differential operators of G. Then (1.2) gives a canonical isomorphism of /c-linear 
spaces 

Diff{G/k) HorukiR, k) = R^ (1-3) 

where R^ is the structure ring of G^. On the other hand, Diff{G/k) has a k- 
algebra structure, and Lie{G/k) can be viewed as a Lie subalgebra of Diff{G/k). 
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Note that Lie{G/k) is a "p-Lie algebra", i.e. for any 6 e Lie{G/k) we have 
QP e Lie{G/k). 

For any D,D' e Diff{G/k), we have 

DoD' = {iAr ®fc L)) o o (idi? L>0 o 

= {idn 0k D) o (idi^^^fl O/, 5') o (og ®fc id^) o (1.4) 
= (idfl ®fc -D 5') o a^,3 

Hence 

D o = Og o (idfl ®k D ®k D') o aG,3 

Note that the multiphcation of is given by (a,/?) i— > (a ®k P) o O^ct^iP ^ 
i?-^). Thus (1.4) means that the map Diff{G/k) R^ in (1.3) is a /c-algebra 
isomorphism. 

Let /o C i? be the maximal ideal, and denote oJa/k — Iq/Iq- Then canonically 

^R/k = ^G/k <H)fc R (1-6) 

and 

Lie{G/k) = uj^/k = Homk{LVo/k, k) (1.7) 

as A;-linear speces. Take xi,...,Xn G Iq such that their images xi,...,Xn G uiQ/k 
form a A;-basis of cjo/k- Then by (1.6) there exist G Derk{R, R) such 

that Di{xj) = 5ij (1 < ^, J < n). From this one sees that all monomials x'^ • • -x^^ 
(0 < ii,...,in < p) are linearly independent over k. In particular, if FQ/k = 0, 
then R = k[xi, ...,xj/(x^, ...,xP^). By induction (on m such that -P'q/;;. = 0) one 
sees that in general case there exist a /c-algebra isomorphism 

R ^ k[xi, ...,Xn]/ixf,...,xC) (0 < Zi < ... < in) (1.8) 

Summarizing, 

Fact 1.1. Let G = Spec(i?) G Ob(2lb|°f). Let Iq G Rhe the maximal ideal, and 
denote ujo/k = Iq/Iq- 

i) The A;-algebra Diff{G/k) of left invariant differential operators is canoni- 
cally isomorphic to R^ (the structure ring of G^). 

ii) The k-Lie algebra LieiG/k) of left invariant derivations is a p-Lie subalge- 
bra of Diff{G/k) over fc, and there are canonical isomorphisms (1.6) and 
(1.7). 
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iii) Let n = dmik{uG/k) — dimk{Lie{G / k)) . Then R has structure (1.8) as a 
A;-algebra, where xi, ...,Xn generate the maximal ideal of R. 

Denote by Ga/k = Spec[t] whose (additive) group scheme structure is given 
by a*(t) = t ®fc 1 + 1 ®fc t, 0*{t) = 0, {-l)*{t) = -t. It is easy to see that any k- 
group scheme homomorphism f : G ^ Ga/k is uniquely determined by an element 
X = f*{t) e Jo satisfying 0^(0;) = a; (8)fc 1 + 1 <8)fc x. Let 

a{G) = {x e R\a*{x) = x^k^ + ^^kx} (1.9) 

Obviously a{G) has a A;- linear space structure, called the a-module of G. The 
above argument shows that there is a canonical one-to-one correspondence 

HomkiG,Ga/k) ^ c^iG) (1.10) 

View a; as a linear functional on R^, then (1.9) means for any y,y' & R^ we have 
x{yy') = x{y)y' + yx{y'), i.e. x e Derk{R^ ,R^)- Thus by Fact 1.1 there is a 
canonical one-to-one correspondence 

a{G) o Lie{G^/k) (1.11) 

Furthermore, for any homomorphism / : G — > G' in 2lb|JJf, H = coker(/) gives an 
exact sequence — > — > G'^ — > G^ , which implies a left exact sequence 

^ Lie{H^/k) Lie{G'^/k) ^ Lie{G^/k) (1.12) 
By (1.11), this gives a canonical left exact sequence 

^ a{H) a{G') A a{G) (1.13) 

Since G Ob(2lb}Jj£), when G 7^ we have ujqd ^ 0, hence by (1.7) we have 
Lie{G^ jk) ^ 0, therefore by (1.11) we have a{G) ^0. Let / : G ^ G^/fe be 
a non-zero homomorphism, then im(/) = ctpn for some n > 0, hence / induces 
an epimorphism f : G ^ ap. By Fact 1.1. iii) we see ctp is a simple object in 
2tb|j^^. Denote by 1{G) the length of G in Slbj^jf. Note that ker(/') e Ob(2lb|j;f). 
By induction on /(G) we get a filtration 

G = GoDGiD... DGn = (1.14) 
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whose factors are all isomorphic to ctp. Hence 

n = l{G), dimfe(i?) = p^(^) (1.15) 

Example 1.1. Let G = ap» ^ ^a/kiFo/kl- Then R ^ k[x]/{xP") (where x is the 
image of t, as above), and a{G) has a fc-basis x, x^, ...,a;^ 

For any x G q;(G), obviously G a(G). If there are xi, ...,Xn G q;(G) such 
that (1.8) holds, then by Example 1.1 one sees that 

G = CKpii Xfc • • • Xfc Q!p<„ (1-16) 

If Fqu/^ = 0, then by Fact 1.1. iii), (1.15) and (1.10) we see that 

1{G) = 1{G^) = dimfc(a;G^/fe) = dimfc(a(G)) (1.17) 

Obviously a{ap) = A;. Hence by (1.13) and induction we see that R is generated by 
a{G) as a fc-algebra, hence (1.16) holds. If Fq/^ = also, then ii = ... = z„ = 1, 
i.e. G = ap. In this case we say G is an a-group. The above argument shows that 
G is an a- group if and only if both Fq/i^ — and Vc/k — 0. 

It is easy to see that a homomorphism — > is equivalent to a A;-linear 
homomorphism /c" ^ a(a^) ck(ck^) ^ /e"^. For any G G Ob(2lb!^^), there is a 
largest a-subgroup H C G, in fact 

H = ker(FG/fe) n ker(Fg(,-i)/,) (1.18) 

Note that any homomorphism ap ^ G factors through H, hence the above argu- 
ment shows that Homk{ap,G) has naturally a A;- linear space structure, and 

dimk{Homk{ap, G)) = dimk{a{H)) (1-19) 

We call dim/- (i^omfe (cKp, G)) the a-number of G, denoted by a(G). The filtration 
(1.14) shows that a(G) > if G 7^ 0. Summarizing, 

Fact 1.2. Let G = Spec (J?) G Ob(2tb|j^|:). 

i) There are canonical one-to-one correspondences 

Homk{G, Ga/k) ^ oi{G) = Lie(G^/k) (1.20) 
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Furthermore, for any homomorphism / : G — > G' in 2lb|J^£, there is a canon- 
ical left exact sequence 

^ Q;(coker(/)) ^ a{G') A (1.21) 

ii) G has a largest a-subgroup H given by (1.18), and (1.19) holds. In partic- 
ular a{G) ^ when G ^ 0. 

iii) There is a filtration (1.14) whose factors are all isomorphic to ctp, where 
n = 1{G). Furthermore dimk{R) = p^^^\ 

iv) If Vo/k = 0, then R is generated by a{G) as a A;-algebra, and G has a 
decomposition (1.16). 

v) G is an ct-group if and only if both FQ/f. = and Vo/k = 0- 

Let H = ap(ZG be as in Fact 1.2.n), where r = a{G). For any H' = Up C H, 
one can take H" C H such that H = H' Xk H" . If H" 0, let Gi = H/H" 
and Hi be the largest a-subgroup of Gi, then H' can be viewed as a subgroup 
scheme of Hi. If Hi ^ H' , replace G and H by Gi and Hi respectively and repeat 
the above argument. By induction one eventually gets a quotient group scheme 
G' of G such that H' — > G' is injective and a{G') = 1. Since H' is arbitrary, we 
can get Gi, Gr G Ob(2lb|nf) with a{Gi) = ... = a{Gr) = 1 such that there is a 
homomorphism 

f -.G^GiXk-'-XkGr (1.22) 

whose restriction on H is injective. This means / is injective by Fact 1.2.ii), 
because ker(/) f] H = (hence a(ker(/)) = 0). Thus we have 

Corollary 1.3. For any G G Oh{mb\^l) with a{G) = r, there exist G 
Ob(2tb|j;9 with a{Gi) = ... = a{Gr) = 1 such that there is a monomorphism / as 
in (1.22). 



2. Some prerequisites about the Witt scheme 

The definition of Witt scheme is as follows (see [Mul, §23]). Fix a prime 
number p. For each integer n > 0, let 

n 

p'x^ eZ[xo,...,Xn\ (n = 0, 1,...) (2.1) 

i=0 
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One can inductively define (/>^ e Q[xo, yo, Xn, Vn] {n = 0, 1, 2, ...) such that for 
any n > 0, 

Wn{xQ, Xn) + Wn(yo, ^n) = Wn{(t)o{xQ, yo), 0n(a:o, 2/0, a^n, ^n)) (2.2) 

It is easy to see two facts: One is that for any f{ti,...,tm) £ Z[ti, t^], the 
difference /(ti, tm)^ — f{t\, t^) is divisible by p; the other is that {x+py)'^ — 
x^ is divisible by Hence the difference of 

WniMxo, 2/0)^, (/>n(a^O, 2/0, ^^n, 2/n)^) (2-3) 

and 

WniM^o^ 2/0)' 0n(a;g, 2/0, -, a;^, 2/n)) (2-4) 

is divisible by p^~^^. But this difference is equal to p'^'^^{xn+i +2/n+i), hence ^„ G 
Z[xo,yo,...,Xn,yn]- Similarly there are ipn G Z[xo, yo, ...,Xn,yn] {n = 0,1,2,...) 
such that for any n > 0, 

Wn{xo, Xn)Wn{yo, ■■■,yn) = Wn{lpo{xo, yo) , 1pn{xo, ^0, Xn, yn)) (2.5) 

Fact 2.1. Let An = Z[xo, .■.,Xn\, Wn = SpecA^. Define ring homomorphisms 

a* : An ^ An <^ An = Z[xo, . . . , Xn, Vo, ■ ■ ■ , Vn] and m* : An ^ An ® An by 
a*{xi) = (/}^{xo,yo, ■■■,Xi,yi) and m*{xi) = iJi{xo,yo, Xi,yi) respectively. Then 
Wn has a commutative ring scheme structure (with 1), whose addition a (resp. 
multiplication m) is given by a* (resp. m*). 

Proof. Let B = An <S)Q = Q[xo, Xn]- Note that wq, ■■■,Wn give a ring homomor- 
phism / : An — )■ An such that /q = /®idQ : S — > S is an isomorphism. Define ring 
homomorphisms a'^ : B ^ B®B = Q.[xo, xi, yo, yi, ...] and : B B®B by 
a*Q{xn) = Xn + yn and m^{xn) = Xny-n respectively. It is obvious that a% and 
define a ring scheme structure on Specfi. Denote by aq = a* ® idq : B ^ B ® B, 
and mg, = m* ® idQ : B ^ B ® B. Then by the definitions above we have 
a*B° fQ = (/q ® /q) ° '^Q ^i^d o /q (/q ® /q) o ?tiq. This shows that and 
mQ define a commutative ring scheme structure on SpecS. Since An is a subring 
of B, this shows that the addition a and multiplication m satisfy the axioms of 
ring scheme. Q.E.D. 

We call Wn the truncated Witt scheme of level n. Note that Wo is the 
ring scheme structure of A^. For any n > denote by : Wn Wn-i the 
projection {xo,---,Xn) — > (xo, Xn-i), which is obviously a faithfully flat ring 
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scheme homomorphism. Denote by W the formal hmit ^mWn, called the Witt 



n 



scheme. By definition one also sees that the ideal (xq) C A^+i defines a closed 
subgroup scheme of Wn+i which is isomorphic to Wn, i-e. the closed immersion 
in '■ VVn+1 defined by (xq) = 0, z*(a;i+i) = Xi (0 < i < n) is a. group 

scheme homomorphism. Furthermore, the morphism V = : Wn — >■ Wn defined 
by V*{xi) = Xi-i {Wi > 0), V*{xo) = (i.e. {xo,...,Xn) (0, xq, Xn-i)) is 
an endomomorphism of the additive group scheme structure of Wn, called the 
Verschiebung of Wn- It is easy to see that 



The morphism r = Tn : Wo — > Wn defined by xq i-> {xq, 0, 0) commutes with 
the multiplications (but not the additions when n > 0), called the Teichmiiller 
lifting, which is a section of the projection Wn Wo- 
From these one sees the following properties. 

Corollary 2.1. Notation as above. For simplicity denote Xj = {xq, ...,Xi), Yi = 
{yo,...,yi), Zi = {zo,...,Zi) and denote (l)i{xo,yo, ...,Xi,yi) by0i(Xi,li). 

i) For each z, 



ker(yn) = coker(Vn) = m = G«/z 



(2.6) 



0i(Xi, Yi) -Xi-yiE Z[xo, 2/0, Xi-i, yi-i] 



(2.7) 



in particular (/)o{xo, yo) = xq + yo- 
ii) For each i > 0, 



0i(O, 0, Xq, yo, Xi-i, yi-i) = 4>i-i{xQ,yQ, Xi-\,yi-i) 



(2.8) 



iii) For each i there hold the co-commutativity 



(j)i{Xi,Yi) = (l)i{Yi,Xi) 



(2.9) 



and co-associativity 



4)i{xo, (poiYo, Zo), xi, (j)i{Yi, Zi), Xi, (/)i{Yi, Zi)) 
0i(0o(^o, Yo), zi, 01 (Xi, Yi), Z2, (j)i{Xi, Yi), Zi) 



(2.10) 



iv) For each monomial cx^°yQ ° ■ ■ -x^^y^ * (c 7^ 0) of it holds that 




(2.11) 
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In particular, when z > we have mo + ttIq = O(mod p); when i > 1 we 
have mo + mg + p(mi + m[) = (mod p^), etc.. 

Let k D ¥p he a perfect field. Then by Fact 2.1 we see W{k) — \V{k) is a 
complete DVR with maximal ideal (p) such that W{k)/{p) = k. It is elementary 
that such a DVR is unique up to isomorphism (whenever it exists). Furthermore, 
the TeichmuUer liftings t„ (Vn) give a multiplicative map r — T{k) : k W{k) 
which is a section of the projection W{k) — )■ k (also called "Teichmiiller lifting"). 
Any element in W{k) can be uniquely written as a series 

oo 

Y^MaC) = r{ao)+pT{af')+p'T{af') + ■■■ {a, e k) (2.12) 

which can be simply expressed as (ao,ai,a2, ...), called a Witt vector. Note that 
the unit element in W{k) is (1, 0, 0, ...). By above, the addition and multiplication 
of W{k) can be given by 

(ao, ai, as, ...) + (6o, 62, ...) 
= ((^o(ao, bo), 01 (ao, 60, ^i, 61), (^2(^0, ^0, ^i, bi, a2, 62), •••) 

and 

(ao, ai, a2, ...) • (60, ^i, •••) ^ 

(2.14) 

= {'ipo{ao, bo), ipi{ao, bo, ai, 61), ip2{ao, bo, ai, 61, a2, 62), ...) 

respectively. 

By definition we have p ■ {ciq, ai, 0,2, ■■■) = (0, Gq, a^, a^, ■■■), which is equal to 
Fw^k/k o V{{ao,ai,a2, ...)) ^ V o Fw®fc/A;((ao, oi, a2, ...)). Since each Wn is a 
variety, this shows that 

Fw^k/k oV = Vo F^^k/k = Pw^k -.W^k^W^k (2.15) 

Note that (ao, ai, a2, ...) ^ -?^V(8>fe/fc((oo, oi, 02, •••)) ("^O' ^i' ^2) •••) is a ring au- 
tomorphism of W{k), called the "Frobenius" of W{k) and denoted by a. Summa- 
rizing we have 

Corollary 2.1. Let A; D Fp be a perfect field. 

i) Up to isomorphism, W{k) = yV{k) is the unique complete DVR with max- 
imal ideal (p) such that W{k)/{p) = k. The Teichmiiller liftings Tn (Vn) 
give a multiplicative map (Teichmiiller lifting) r = r(/c) : k — >■ W{k) which 
is a section of the projection W{k) — > k. 
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ii) Any element in W{k) can be uniquely written as a series of the form (2.12), 
which can be simply expressed as a Witt vector (ao, ai, a2, ...). In this way 
the addition and multiplication of W{k) can be given by (2.13) and (2.14) 
respectively, with unit element (1, 0, 0, ...). 

iii) (2.15) holds on W O A;. 

iv) The Frobenius a : (ao, ai, a2, ...) ^ (oq, a^, ...) is a ring automorphism 
of W{k), and aoV = Voa = p-: W{k) — >■ W{k), where V satisfies 
y((ao, ai, a2, ...)) = (0, ao, ai, a2, ...)• 

Now let k = ¥p. Denote by VT^ = ® /c, and Wn,m = W^nf^^^/fc] for any 
m > 0. Then each Wn^m is a finite commutative group scheme, Wo,o — ctp, and 
Wn^m can be viewed as a closed subgroup scheme of Wn+i^m or Wn^m+i- As a 
scheme, 

Wn,m = ^p[xo,-,Xn]/{xf^\...,xf^") (2.16) 

Fact 2.2. For any m > 0, the group scheme endomorphism Vn^m of Wn,m induced 
by Vn is equal to VV„,^/Fp- 

Proof. Note that -f^vK„ ^n+i/Fp factors through Wn,m, inducing a faithfully flat 
homomorphism q'jji : Wn,m+i — ^ Wn,m, whose composition with the embedding 
im ■■ Wn,m Wn,m+i is equal to Fw^^^^^/F^. By (2.15) we have 

Vn,m+1 O -^lV„,^+i/Fp = PWr,,m+i (2-17) 

By the commutative diagram 

Wn,m+1 > Wn,m > Wn,m 

id 

yyn,m+l >■ l^n,m+l \^n,m+l 

we see that 

«m O K,m O 9m = (2.19) 

On the other hand, by the theory of commutative group schemes (cf. [Dem]) we 
have 

^Wr,,m/Vp O Fw^^^/F^ = PWr,,m (2.20) 

Hence similarly we have 

im o lV„,^/Fp oqm= PWr,,m+i (2-21) 



(2.18) 
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Comparing (2.19) and (2.21), noting that im is injective and Qm is surjective, we 
see that Vn,m = Vw„,m/^p- Q-E.D. 

By (2.6) and Fact 2.2 we see that 

Wn[V] ^ coker(lV„/fc) ^ G^/k (2.22) 
Hence a{Wn) = 1, and for any m > 0, 

Wr,,m[V] - coker(W„ „^/fc) ^ aprr^+i (2.23) 
Thus a{Wn,m) = 01 (W^^) = 1. Summarizing we have 

Corollary 2.3. Let k = Fp, and denote by Wn ^Wn^k and Wn,m = Wn[F^^^f^] 
for any m > 0. Then 

i) Each Wn,m e Ob(2lb:jj[), Wo.^ = ttp, and Wn,m can be viewed cfosed 
subgroup scheme of Wn+i,m oi' W^n,m+i- The scheme structure of W„^^ is 
given by (2.16). 

ii) (2.22) and (2.23) hold. 

iii) For any m,n, a{Wn) = a{Wn,m) = o(W^r?m) = 1- 



3. Dieudonne elements and Dieudonne modules 

Let A; D Fp be a perfect field. We use the notation as above. Note that for 
any finite group scheme G = Speci? over k and any m G Z, G*^^ ^ = Speci?*^^ ^ 
makes sense since k is perfect. If G is commutative, any element x E R can be 
viewed as an element of i?*-^ via the ring isomorphism R'^'^ ^ = R, which will 
also be denoted by by abuse of notation. Hence Vq^^^x can also be viewed as 
an element of R, simply denoted as V'^*x. 

Definition 3.1. Let G — Spec-R be a finite commutative (additive) group scheme 
such that V^j'^ = 0. Denote by M = ker(O^) C R. An element a: e M is called a 
Dieudonne element if 

a*a{x) = (f)n{V''*x®kl, l^kV''*x, V"-^*a;(8fcl, l^kV''-^*x, x^kh l^kx) (3.1) 

and called a Dieudonne generator if in addition that R is generated by x, V*x, 
V^*x,... V'^*x as a A;-algebra. 
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Note that by Corollary 2.1.ii), the above definition is independent of the choice 

of n. 

In the following denote by Wn = Wn <H) k, and Wn,m = yVn,m ^ k. li f : G ^ 
Wn is a homomorphism of group schemes over k, then by Fact 2.1 we see that 
f*{xn) is a Dieudonne element of G; conversely, if x is a Dieudonne element of 
G = Speci?, then one can define a A;-morphism f : G ^ Wn by f*{xi) — VqJ^* {x) 
(0 < z < n), which is a group scheme homomorphism by Fact 2.1 and Definition 
3.1. Thus we can denote f = fx- 

Let G = Speci? be a finite commutative group scheme such that VqJ^ = 0. 
Denote by D{G) C R the set of all Dieudonne elements. For any a;, y e D{G), 

U + fy-.G GxuG WnXWn -^-^ Wn (3-2) 

is also a homomorphism of fc-group schemes, hence {fx+fy)*{xn) £ D{G), denoted 
by a; + y. By Fact 2.1 we have 

x + y = cf>n{V^*x, V^*y, V^-'*x, V^-'*y, x, y) (3.3) 

Furthermore we have —x = —1^(0;) e D{G) and e D{G). By Corollary 2.1.iii) 
we have 

X ^ y = y ^ X, {x + y) ^ z = X + {y ^ z), 

a; + = a;, a; + (-a;) = {^x^y, z e D{G)) ^ ' 

This means D{G) has an "additive" commutative group structure under +. 

Note that an element c e Wn{k) can be viewed as a A;-morphism Spec (A;) — > 
Wn- Any X e D{G) and c e Wn{k) gives a A;-group scheme homomorphism 

G ^ Spec(/c) Xfc G Wn x Wn Wn (3-5) 

This corresponds to a Dieudonne element, denoted by cxx. If c = (cq, ci, c^), 
by the definition of Witt scheme it is easy to see that 

cxx = Cq X + c\ p*x-\- '\-CnP'^*x (3.6) 

In particular, if ci = ... = = 0, then c Thus for any c e k and 

a; e -D(G') we have ex G i3>(G'). 

It is easy to see that if x G D{G) then V*x G -D(G) and xP = F*x G -D(G'), 
and by (3.5) it is easy to see that for any c G Wn{k), 

F*(cxx) = c''xF*x, V*(cxx) = c''~'xV*x (3.7) 
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Let W = W{k) = ^mWn{k). Define the following VF-algebra (usually non- 

n 

commutative) 

A = W[F,V]/(FV -p,VF -p,Fa-a''F,Va-a''~Wya e W) (3.8) 

Then D{G) has an A-mudule structure, thus we call D{G) the Dieudonne module 
of G. 

Obviously a{G) C D{G), and D{G) — a{G) when Vo/k = 0. In particular, 
when G is an a-group we have a{G) = /c®^ (r = a(G)), where each copy of k is 
viewed as the A-module A/A{F, V). 

It is easy to see that for a homomorphism f : G — Spec-R — )> G" = Speci?' 
in 2lb|°f, the /c-algebra homomorphism f*:R'^R satisfies f*{D{G')) C L'(G'), 
hence induces an A- module homomorphism D{G') — > D(G), also denoted by /*. 
If / is an epimorphism and H = ker(/), then for any x G ker(iI>(G) — )■ D{H)), 
obviously the restriction of : G — )■ VFn on if is 0, hence fx factors through 
G', thus X e f*{D{G'))- on the other hand, obviously f*{D{G')) C ker(D(G) ^ 
L»(iy)), hence f*{D{G')) = ker(L»(G') ^ D{H)). 

In particular, if if = ctp, then there is an exact sequence — >■ D(G/H) — >■ 
D{G) — 7> D{H) of A-modules, hence by Fact 1.2.ii) and induction we see that 
D{G) has finite length as a VF-module. Summarizing we have 

Proposition 3.1. Let A; be a perfect field of characteristic p > 0, and G = Speci? 
be an infinitesimal commutative group scheme such that Vq'J']^* = 0. Let D{G) C 
R be the set of all Dieudonne elements of G. Then 

i) Each element in D{G) is equivalent to a A;-group scheme homomorphism 
fx-.G^Wn (satisfying f*{xn) = x). 

ii) D{G) has an A-mudule structure: the sum of any x,y E D{G) is given 
hj X -\- y m. (3.3), the zero element is 0, and the negative element of any 
X e F){G) is —x\ for any c = (co,ci, ...,c„) e Wn{k) and x e D{G), the 
product of c and x is given by cxx in (3.6); Fx = Fqj^x = x^, Vx = Vqjj^x. 
Furthermore, for any c E k and x G D{G) we have cx G D(G), which is 
equal to r(c^ )xx. As a VF-module D{G) has finite length. 

iii) Let f : G — Speci? G' — Speci?' be a homomorphism in 2lb-^£. Then k- 
algebra homomorphism f*:R'^R induces an ^-module homomorphism 
/* : D{G') — >■ D{G) canonically. Hence D can be viewed as a contravariant 
functor from 2tbJ"[ to VJIa (the category of A-modules). Furthermore, if / 
is an epimorphism, then the following sequence is exact: 



^ D{G') — — > D{G) D{ker{f)) 



(3.9) 
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iv) a{G) C D{G), and D{G) = a{G) when Vo/k = 0. In particular, if G is an 
a-group, then D{G) ^ {A/A{F,V))®'- (r = a{G)). 

v) Wn has the following universality: for any perfect field k D Fp, any G = 
Spec(^) e Ob(Qlb!^f) and any x e D(G) satisfying V^+^*x = 0, there 
exists a unique fc-group scheme homomorphism f : G ^ VVn <^ k such that 
f*{xn) = X. And yVn,m = (Wn <8) Fp) [F^^+^j has the following universality: 
for any perfect field k D Fp, any G = Spec(A) G Ob(2lb|^f) and any x G 
D{G) satisfying VqJ'j}*x = and F^^^*x = 0, there exists a unique /c-group 
scheme homomorphism f : G ^ y^n,m ® k such that f*{xn) — x. 

Denote by VFn,m = VV^.m ® k. From Proposition 3.1 one easily sees that 
if G = Speci? is a closed subgroup scheme of some W^^, then R is generated 
by D{G) as a /c-algebra, and the maximal ideal M = ker(0*) C i? is generated 
by D{G)] conversely, if R is generated by D{G) as a /c-algebra, then G can be 
embedded into some ^ as a closed subgroup scheme over k. The following is 
the "key fact". 

Proposition 3.2. Let A; be a perfect field of characteristic p > 0, and G = 
Spec(i2) G Ob(2lbJ^f)- Then G can be embedded into some W^,^ as a closed 
subgroup scheme over k. 

Proof. By Corollary 1.3 it can be reduced to the case a{G) = 1. For simplicity 
assume F^^^ — and Vq'^^^ — 0. By Fact 1.2.ii) wc can take a closed subgroup 
scheme H C G such that G/H = ctp. Note that a{H) < 1, hence by induction we 
need only to prove that if i? is a closed subgroup scheme of Wn,m-ii then G can 
be embedded into Wn,m as a closed subgroup scheme. Note that G has a closed 
subgroup scheme H' = G[F] fl G[V] = ctp, and a homomorphism f : G ^ Wn,m is 
injective if and only if its restriction on H' is injective, because if ker(/) n H' = 
then a(ker(/)) = 0, hence ker(/) = by Fact 1.2.i). 

For times we will use the fact that the Cartier dual is an anti-equivalence of 

Let Go be the push-out ol H ^ Wn,m-i and H ^ G. Then Wn,m-i Gq 
and G ^ Go are closed immersions, and Go/Wn,m-i — (^p- Thus we need only to 
prove that Go can be embedded into as a closed subgroup scheme. 

Note that Wn,m-i is a closed subgroup scheme of Wn,m- Let Gi be the 
push-out of Wn^m-i Wn,m and Wn,m-i Gq. Then there is a commutative 
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diagram with exact rows: 

^Wn,m-l 



0^ W„ 



Go 



-> Gi 







id 







(3.10) 



Let Gi = Spec(^i), Wn^m-i+i = Spec(5^) {i = 0, 1). Since k is perfect, as a 
A;-algebra Ai is of the form k[yi, ...,yr]/{yf \ by Fact 1.1. iii), and Bi = 

k[xo, Xn]/ {xq , x^). Hence there are only two possible cases: either 



(3.11) 



or 



Ai ^ k[yo, ...,?/n+i]/(yo 



m + l 



If (3.11) holds, it is easy to see that ker(F^^"^^) has length (m + l)(n + 1), and 



W„ 



C ker(F^^'^^) also has length (m + l)(n + 1), hence Wn 



(3.12) 

), and 
ker(F-+J). 



Note that obviously F^+J = 0, hence Go C ker(F^+J) = Wn,m- 

Taking the Cartier dual of (3.10) we get a commutative diagram with exact 
rows: 



— ^CKr 



wF^ ^0 



id 



(3.13) 



-^ar 



^ GE 



wF^-i^ 



n,m- 



in which g and q' are faithfully flat. Note that 'kcr{Fy^D /j^) = coker(VvK„ m/k)^ 
has length m + l and -F^'^^ /t ^ ^' while VF^^ has length (m + l)(n + 1), hence 

_ n-\-l n + 1 1-1 

= /c[yo, yrul/iUo 1 ■■■^Um ) ^ ^ A;-algebra. Thus the structure of A^ has 
only two possible cases: either 



A^ ^k[yo,...,ym]/{yf '~,yl 



) • • • ; 2/m / 



(3.14) 



or 



^k[yo,...,ym+i]/{yf^ , y^+i) 



(3.15) 



If (3.14) holds, it is easy to see that B = Speck[yQ,yi, j/m] C gives Gf a 
quotient group scheme structure G = ker(F^^"^^)^, whose length is (m+ l)(n+ 1), 
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and obviously C S, hence the projection Gf — > G induces G = W^,^. Note 
that obviously V^^J^^ = 0, hence Aq C B, therefore the projection q factors 
through W^^, showing that Gq — > Gi factors through Wn,m- 

The remaining case is that (3.12) and (3.15) hold. Let Hq = ker(F(3^/fe). 
Then Hq has length n + 2, and Hq' satisfies F^t>^/j^ = 0. Let R' be the structure 

n + 1 

ring of iyo"". Then R' ^ k[yo, yi]/{y^o , vf)- Since Fh^^ /fc = 0, by Fact 1.2.iii) we 
can take yo^yi to be elements in a{H^), hence k[yP ,yi] C R' gives a quotient 
group scheme Hi of Hq^ (in fact i^i = coker(Fffi5 /;,), even without Fact 1.2 one 
can see coker(F^i5 has length 2, because ker(F^i5 has length 2). Note that 
^Hi/k = and Ffj^/k = 0, hence Hi = ap Xfc ctp by Fact 1.2.v). Taking Cartier 
dual we get a closed subgroup scheme H(^ = ctp of Hq. But by a{Wn^rn) = 1 

we see that iff fl Wn,m — ctp, hence the projection iff — > Gi A ctp is surjective. 
This gives a section of A, thus Gi = Wn,m Xfc ctp- Q.E.D. 

We now see several consequences of this proposition. 

First, noting that the structure ring of Wn,m is generated by xo,...,a;^ e 
-D(Wn,m) as an Fp-algebra, we see R is generated by D{G) as a A;-algebra by 
Proposition 3.1. 

Second, if a{G) = 1, letting H G Ghe the unique subgroup scheme isomorphic 
to ttp, we can take x G D{G) such that the image of x in D{H) is non-zero, thus 
ker(/j;) does not contain any subgroup scheme isomorphic to ctp, hence ker(/3;) = 0, 
i.e. fx is a closed immersion; conversely, if there exists x e D{G) such that fx is 
a closed immersion, then by Corollary 2.3.iii) we see that a{G) = 1. In this case 
R is generated by V*x, V^* /c-algebra. 

Therefore if a{G) = 1 and F^+^ = 0, V^+^ = 0, then G can be embedded 
into Wn^ra a closed subgroup scheme. In this case if G has length (m + l)(n + l), 
then the embedding G Wn,m is an isomorphism. In particular, take k — ¥p, 
G ^ W^^^, then F^+^ = 0, V^+,^ = and G has length (m + l)(n + 1), hence 
= Wn,m- In the next section we will specialize this isomorphism. 

Third, we show that if i : H ^ G is a closed subgroup scheme, then the 
^-module homomorphism i* : D{G) — > D{H) is surjective. For any ap = H'c H, 
we can take x G D{G) such that the image ^ of a; in D{H') is non-zero. Denote x' = 
i*{x) G D{H). For any y G D{H), if its image in D{H') is y = cx (c G k), then by 
Proposition 3.1.iii) we see that y + {-cx') G ker{D{H) D{H')) = D{H/H'). By 
induction on the length of G, we may assume D{G/H') D{H/H') is surjective, 
hence there exists z' G D{G/H') C D{G) such that i*{z') = y + {-cx'). Let 
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z = z' + cx, then we have 

i*{z) = i*z' + ci*x = y + {-cx') + cx' = y (3.16) 

From this and Proposition S.l.iii) we see that D is an exact functor. Furthermore, 
obviously D preserves direct sums, and by definition it is obvious that for any 
G, G' e Ob(2lb|j;^), the map Homk{G', G) HomA{D{G), D{G')) given by i:> is a 
homomorphism of additive groups, hence D is an additive and exact contravariant 
functor of abehan categories. 

In particular, if /c = Fp, noting that the powers of V gives a filtration of yVn,m 
whose factors are all isomorphic to Ga/k[F"^~^^], by Fact 1.2.iii) and inducition we 
see that D{Wn,m) is generated by ^-module. Thus it is easy to see that 

D{Wn,m) = A/A{F^+\ (3.17) 

Hence for any G G Ob(2tb|J^£), D(G) is a finitely generated A-module such that 
the actions of F and V are both nilpotent, and a{G) = 1 if and only if D(G) is 
generated by one element as an ^-module. 

By Fact 1.2.ii) we see D{G) has a filtration whose factors are all isomorphic 
to D{ap) = A;, hence the length of G is equal to Ia{D{G)). Summarizing we have 

Corollary 3.1. Let A; be a perfect field of characteristic p > 0. 

i) If G = Spec(7?) G Ob(2tbJJ^f), then R is generated by D{G) as a /c-algebra, 
and Ia{D{G)) = 1{G). 

ii) D : 2tbj^f — )■ 9Jl^ is an additive and exact contravariant functor of abelian 
categories. 

iii) For G = Spec(i?) 7^ G Ob(2lbJJJf), the following conditions are equivalent: 

1) a{G) = 1; 

2) D{G) is generated by one element as an A-module; 

3) There exists x G D{G) such that R is generated by all V^* X s as a 
/c-algebra; 

4) G is isomorphic to a closed subgroup scheme of some Wn,m- 

iv) If G G Ob(2lbi^[) santisfies a{G) = 1 and F^+^ = 0, V^J-,^ = 0, 1{G) = 
{m + l)(?i + 1), then G = W^n,m- In particular „ ^ >Vn,m- 

v) D{Wr,,m) = A/A{F"'+'^, y"+i). This means that the elements of D{Wn,m) 

j 

are the sums of some Cijx^ {0 < i < n, < j < m, Cij G k) under the 
addition +. 
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By Corollary S.l.iv) we see another basic property of Wn^rn- 

dirrifc Lie{W^,m/k) =n + l, dinifc Lie{W^^^/k) = m + 1 (3.18) 

Let 3Jl^ C DJIa be the full subcategory of all finitely generated A-modules such 
that the actions of F and V are both nilpotent. The above corollary already shows 
that the restriction D : 2lb!^[ 9Jt^ is an anti-equivalence of abelian categories. 
But we prefer to give directly as follows. 

For any M G Oh{M^^), take n, m such that = V"^+'^ = on M, thus get 

an A-module epimorphism g : (A/A[F^~^^, — ). M for some r. Let Rq be 
the structure ring of Go = W®"^ and identify D{Go) with {A/A{F'^+^, yn+i))©r_ 
By Definition 3.1 it is easy to sec that the ideal of Rq generated by ker{g) defines 
a closed subgroup scheme G G Gq. By Corollary 3.1.ii) we have D{G) = M, and 
it is easy to check that G is uniquely determined by M up to isomorphism. Hence 
we can denote G — D~^{M). 

Let f : M ^ M' be a morphism in Take an ^-module epimor- 

phism g : {A/ A{F'^^^ ,V'^^^))®'^ — )■ M as above, defining a closed immersion 
G = D-^{M) ^ Go. Let G' = D-^{M'), the by Corollary 3.1.ii) we see that 
h = f o g : V"^^^))®^ — > M' induces a group scheme homomorphism 

T] : G' ^ Gq. By /i(ker(gf)) = we see that r] induces a group scheme homomor- 
phism (j) : G' ^ G. It is easy to check that (f) is uniquely determined by / up to 
isomorphism, and D((f)) = /. Hence we can denote = D'^if). 

The above procedure gives the inverse of D, showing D is an anti- 

equivalence of categories. Note that D is an anti-equivalence of abelian categories, 
because D and preserves direct sum (product), kernel and cokernel by their 
universalities. Summarizing we have 

Theorem 3.1. For any perfect field k of characteristic p > 0, let 971^ C 971 a be 
the full subcategory of all finitely generated A-modules such that the actions of F 
and V are both nilpotent. Then the restriction of the Dieudonne module functor 
D : 2lb-"f — )■ 9Jl^ is an anti-equivalence of abelian categories, whose inverse is 
given by the above constructive procedure. 

From the above arguments we also see that 

Corollary 3.2. Let G = Spec(i?) G Ob(2lbi^^:). Then an ideal I C R defines a 
closed subgroup scheme if and only if / is generated by Dieudonne elements (in 
it). 



4. Duality and quasi-polarizations 
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In §3 we see that „ = Wn,m- In this section we give a "standard" isomor- 
phism „ Wn,m exphcitly. For this we need to give a Dieudonne element 
in A^.^, the structure ring of W^^„. We go in an indirect way: first choose a 
Dieudonne element of and then determine it as an Fp-linear functional on 

An,m- For convenience denote k = ¥p and Wn,m = VVn,m- Again denote by An,m 
the structure ring of Wn,m- 

By Corollary 3.1, we know that there is a Dieudonne clement y G D{W^^) C 
A^^^ such that A^,^ is generated by all y, Vy,..., V'^*y as a /c-algebra. Let 
H C W^.^ be the closed subgroup scheme isomorphic to ap. Then is 
canonically isomorphic to the quitient group scheme of Wn,m isomorphic to ap, 
whose Dieudonne generator (i.e. gnenrator of its ct-module) can be chosen to be 
V"'*x^ — Xq . Hence (replacing y by cy for some c e F*) we can choose y so 
that y{xQ ) = 1. 

Note that Wq^ = ap, and by Fact 1.2.i) we have D{ap) = Lie{ap/¥p), 
whose generator y satisfies y{xQ) = Sn as a linear functional on Aq^q. Denote 
by Dy e Lie{ap/k) the left invariant derivation corresponding to y. Then by 
a*(xo) = a;o <E) 1 + 1 <8) ico it is easy to see that Dy{xQ) = ix^^^ , i.e. Dy = 

In general case, note that 

V^*y{xf~') = y{F^*V-*xf-') = y{V-*xf) = 1 (0 < z < m) ^^^^ 
F'*yixCi) = yiV^*V^^-^>xC) = yiV^*xC) = 1 {0<i<n) 

and (resp. can be viewed as an element of A^,^_^ (resp. A^_^ ,^). 

If y(V'^*x'^ ^) = c, replacing y hy y + (—cV*y) we can reduce to the case 
y(V'^*xP^ ) = 0; similarlay, if y{V^'^~^^*x^) = c, replacing y by y + {—cF*y) we 
can reduce to the case y(V^'^~^^*x^ ) = 0- By induction we can eventually reduce 
to the case 

yi^ti) = yiV'^x^J) = (F-y)«!_7) = S.J^m (Vz < n,j,r < j) (4.2) 
In the following we will show that, in this case 

y^fj ^ n -^'i = - = = 0' -^0 = (4 3) 

' otherwise 



1=0 

as a /c-linear functional. 
For a monomial 



a = 4°---4" e^n.m (4.4) 
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define its "degree" to be 

d{a) = io+pii-\ h p'^in (4.5) 

For any d e N, let ^ C An,m be the fc-finear subspace generated by all mono- 
mials of degree d. It is easy to see this defines a graded /c-algebra structure 
on An^rn- By Corollary 2.1.iv) we see that every monomial a ^ (3 in a*(a:„) = 
(t>n{xo 1, 1 ® xo, 1, l^Xn) Satisfies d{a) +d{P) = p"', hence a* is a graded 
homomor phism . 

For a monomial a in (4.4), we can denote 



a 



k,^(«)= 4°---4"®«io,...,i„ (4-6) 

o<io,... 

where Q!iQ,...,i„ e An,m- Suppose (4.3) holds. Then by (4.6) we have 

Dy{a) = Q;p-,o,...,o (4.7) 

From this we see that every monomial of Dy(a) has degree equal to deg(Q;) —p^. 
Furthermore, by (4.1) and (4.3) we can get 

V"!/(fT-f ) = I ' ^h=-=jn=^,k=V'^-^ 

I otherwise 



i=0 



From this we can see that every term of Dyr*y[a) has degree equal to deg(Q;) — 
pin-r ^ Therefore we have 

Dv^^viKra) ^ Ai'Z^'^ (Vd,r) (4.9) 

In particular, when d < p'^~^ we have Dy^'y^A'^ ^) = 0. 

We now show (4.3). First note that if i : H — Spec(-Ri) G G — Spec(-R) is a 
closed immersion in Slb-J^f and / = ker(z*) C R, then by definition we know that 
^D* _ . _^ k-algehra monomorphism, whose image is 

{/3or|/3 e i?f } = {a e i?^|a(/) = 0} (4.10) 

In particular, let G = Wn,m and H d G he the image of Fq/]^^ then H = Wn,m-i 
and the Cartier dual oi i : H G can be viewed as the coimage of Vqu which 
is isomorphic to the image of : G^ . Hence 

V*iA^) = {ae R^'Hixf, ...,xf)) = 0} (4.11) 
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By the definition of Dieudonne element we have 

a*wn (y) = MV^^y «) 1, 1 ® V^^y, y ® 1, 1 ® y) (4.12) 



Note that fi — CLjxrD • -^n,m ® -^n^m — ^ ^n,m (the dual of ) is th.6 ITLultipli- 

cation of and the left hand side of (4.12) is equal to y o fj,. Hence for any 

X, x' e An,m we have 

Dy{xx') = iio (j)^(Dvrn'-y ® 1, 1 (8) Dvm*y, Dy® 1,1® Dy){x ® x') (4.13) 
by Fact l.l.i). Let x = Xq . Then by (4.2) and (4.13) we can see that 

Dy{xfx') =x' + xfDy{x') (4.14) 
Similarly, let x — x^ {i > 0). Then we get 

Dyixfx') ^ xfDyix') iyi > 0) (4.15) 
By (4.14) and (4.15), using induction we get 



(nr=o^fr^.(^') ifio = o 

(4.16) 

In particular, for any monomial a;' = J| a;]' and any j > we have y{x^A x') = 



i=0 



Dy{x^ x') = 0, and when a;' 1 we have y{xQ x') — Dy{xQ x') = 0. Thus for 
(4.3), the remaining case is that Jo, in < P^- 

n 

Next we use induction on m. Let y' = V*y, a = Yl ^1 Uo: •■•:jn < P^)- By 

i=0 

induction hypothesis we have 

..... / 1 if ji = - = jn = 0, jo = p^-^ 
V y{oi) ^\ . (4.17) 

1^ otherwise 

Hence 

I otherwise 
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The remaining case is that a is of the form Yl (jo, ■■■,jn < P^) and at least one 

ji is not divisible by p. Let x = Xi, x' = xi^~^ Y\. ^/S we may assume x' ^ 1. 

It is easy to see that the right hand side of (4.13) is not in (xq, x^ if and only 
if the right hand side of (4.12) has a term -Dy"*^^ ® D' such that D'{x') e k- {0}. 

Such a term has degree > But by Corollary 2.1.iv) we know that such a 

term has degree p^. If n > m, this can happen only when n = m, D' = 1 and 
x' G k. Hence the right hand side of (4.13) is always in {xq, ...,Xn) when n > m, 
thus y{xx') — Dy{xx') — 0. 

We now use induction on n. Let y' = y^. By (4.2) we have 

y'«^) = <^i(n-i)<^im (0 < z < n - 1, < j < m) (4.19) 

Note that the quotient group scheme of W^^^ defined by y' e ^n,m the image 
of Fqd ij^, whose Cartier dual is the closed subgroup scheme of Wn,m given by 
the ideal (a;o), hence whose structure ring is generated by xi, a;„. By induction 
hypothesis we have 

^'(n-f)-ln 7^^^-^^"=°-^'=p'" (4.20) 

, I U otherwise 

Note that y'{a) = yiy*a), hence (4.20) gives 

n— 1 

. „ * 1 otherwise 

The remaining case is that j„ > 0. Let x = Xn- Then for any monomial x' , by 
above we see that the right hand side of (4.13) is not in (xq, ...,a;„) if and only if 
the right hand side of (4.12) has a term Dym*y (8) D' such that D'{x') E k — {0}. 
Such a term has degree > p^ and = p"^, if n > m this can only happen when 
n = m, D' — 1 and x' G k. Hence when n > m the right hand side of (4.13) is 
always in {xq, ...,Xn), thus y{xx') — Dy{xx') — 0. 

Therefor we can show that (4.3) holds whenever m < n. But for general 
n, m, since Wn,m can be embedded into Wn+m,rm it ie easy to see (4.3) still holds. 
Summarizing we have 

Theorem 4.1. Denote by An^m the structure ring of Wn,m- Then the linear func- 
tional y e rn defined by (4.3) is a Dieudonne generator of Wnm- Furthermore, 



,(TT,J.)=(1 ifi, = ... = Jn-i=0,j„ = p"' 
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i) For any < z < n and < j < m, z = e ^(W^^) is the only 
Dieudonne element of satisfying 

z{xf~') = 6irSjs (Vr <n, j< m) (4.22) 

ii) (4.14) and (4.15) hold for any x' e An,m- 

iii) An,m has a graded F^-algebra structure 

(p"+i-i)(p™+i-i)/(p-i) 

-An,m = ^n,m (4.23) 

d=0 

in which every monomial a = Xg" ■ ■ • x^" is a homogeneous element of degree 
d{a) = io + pii + ■ ■ ■ + p'^in, and „j is the Fp-linear subspace generated 
by monomials of degree d. For any < i < n and < j < m we have 

D'v.*y«m) C Ai:^"'-' (W) (4.24) 

In particular D^^,y{A^^^) = when d < p^+^-j . 

Let A; be a perfect field of characteristic p > 0. Still denote Wn,m = Wn^^igjA;, 
W = yV and ^ the ring in (3.8). For any G e Ob(2lb)!|^f), we now study the 
relationship of D{G) and D{G^) as ^-modules. 

Take any monomorphism i : ■— )■ W^^. Then i-'^ : W^^^ — )■ G is an epi- 
morphism, and any homomorphism G^ — )■ W factors through Wn,m- Fix the stan- 
dard isomorphism = Wm,n by Theorem 4.1. Then an element y E D{G^) 
corresponds to a homomorphism : Wm,n G*, and this corresponds to an A- 
module homomorphism y^* : D{G) D{W^,n) = A/{F'^+^, ym+i-^ Corollary 
3.1. This gives a mapping / : D(G^) HomAiD{G),A/{F''+^,V'^+^)). By the 
surjectivity of we see / is injective; By Corollary 3.1 we see that any element 
of HomAiD{G), A/{F'^~^^,V'^~^^)) corresponds to a homomorphism Wm^n C, 
hence / is surjective also. It is easy to see that for any a E k and x G D{G), we 
have T{a)xx = ax, hence f{T{a)xx) — T{a)f{x). Furthermore, it is easy to see 
that / is additive, and 

f{Fy){x) = {f{y){Vx)r, f{Vy){x) = {f{y){Fx)r'' (Vx e D{G), y e D{G^))l 

(4.25) 

Thus fipy) = pf{y), therefore / is a VF(A;)-linear isomorphism. Let r = min(m, n). 
For any x e D{G) and y e D{G^), let {x,y) e Wr{k) be the constant term of 
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f{y){x) e A/{F'^~^^,V'^~^^). In this way we express / as a VF( A;) -bilinear form 
{,) : D{G) X D{G^) ^ Wr{k) which satisfies 

(Fx, y) = (x, Vyy, {Vx, y) = (x, FyY'" (Vx e i?(G'), y G i?(G^)) (4.26) 

It is a perfect paring over W{k). 

We omit more facts about duahty because they are more or less well-known. 
The only difference from the known formulation of duality is that D{G) is a subset 
of the structure ring of G here. 



5. The connection with differential operators 

On the polynomial ring Z[a;] we can define differential operators D^^^ = 
for any n e N. Indeed, for any (f) e 1'[x], D^'^\(j)) is the coefficient of dx" in the 
expansion of 4>{x + dx) as a polynomialof dx. Therefore such differential operators 
D*^") can also be defined on Fp[x]. 

Note that since xq, ■■■^Xn are independent variables over Fp in the structure 
ring of Wn, if we denote the differential operators 



1 — 3 

then Theorem 4.1.i) says that the Fp-linear functional V^*y'P on A^.m can be 
understood as Di j (VO < i < n, < j < m). 

Example 5.1. In the case n = 1, by direct calculation we can get 

0i(a^o,yo,a:i,yi) = a;i +yi - ^ i\{p -\\ ^'^'^^~'^ ^^'^^ 

Since we are studying Fp-schemes, we often use (p — 1)! = —1 (mod p) to rewrite 
the right hand side of (5.1) as 

^1 + ^1 + E ^^^zr^'^ovr (5.2) 

For any m, by Theorem 4.1 we see that DiyVi^m) ^as generators yj = V^'^~^^*y 
(0 < J < m), which can be understood as -Do,j- If m = 0, by (5.2) it is not hard 
to get 
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For more details about the relations of Dieudonne modules with differential 
operators, we need some preparations. Note that the above differential operators 
(Vn) are commutative to each other. 

Lemma 5.1. Let R = Z[x] and p be a prime number. Let r G N and 

1 dP* 

D(p'^ = —^ (0<i<r) (5.4) 

and denote D = D^l). Then 

i) For the ideal / = (p, a;^'^) C R and any z < r we have D^p^\I) C /, 
hence D^^*) induces a differential operator on R/I (still denoted hy D^p''^). 
Furthermore, 

Diff(i?//,Fp) = Hom{R/I,¥p) 

= {h o f{D^P°\D^P'\ e ¥p[xo, Xr-i]} ^^'^^ 

where h : R/I — > ¥p is the projection (modulo (x)), and we can take / to 
be polonomials whose exponents are all < p (because D^p^'>p = for each 
i). 

ii) There exists a polynomial with 2 (r + 1) variables G Z(^p^[xo,yo, ■■■,Xr,yr], 
whose exponents are all < p, such that for any a,b & R, 

D^P''\ab) = A^(L>(P°) ® 1, 1 ® D^P°\ D^p^^ ® 1, 1 ® D^P^'^){a b) (5.6) 

iii) For any z > we have D^p'^^ZIxp']) C Z[xp'], and the restriction of D^p^^ 
on Z[a;^ ] modulo p is a derivation. 

Proof. We need to use several combinatorial facts. First, if m = io + HP + ^2P^ + 
• — h irP^ (0 < io, ir < p), then 



ioHil ■ ■ ■ ir\ ^ (modp) (5.7) 



Note that the left hand side of (5.7) is the coefficient of the monomial 

a = xi ■ ■ ■ XigX^^_^_i ■ ■ ■ x^i^j^i-^ ■ ■ ■ x^^_^ — (5-8) 
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in the polynimial (p — {xi -\- • • • -\- Xi^-^ — J"", and 

^ ix,+- . ■+x,,+...+,y-ixl+- ■ • • • ix{+- ■ •+<+...+,J^^ (mod p) 

(5.9) 

The coefficient of a in the right hand side is io!ii! • • -V- Appiy (5.7) to m = 
p'^ — 1 — {p — 1)(1 + p + ■ ■ ■ + p^~^) we get 



Then by induction we get 



^ ■ - (-1)^ (mod p) (5.11) 



Applying (5.7) again, we see that for any i < r, 

- = 1 (modp) (5.12) 



p^\ 



pH{p^ — p^y.p'^ 

By (5.11) we get 



- = 1 (mod p) (5.13) 



Then by induction we get 

= 1 (modp) (5.14) 

i) We need to check that D^p''\xP^ -^'^) e / for any m > 0. It is enough to 
consider the case when m < p*. We have D(^')(a;^'^''""^) = , ^^r- +m-pi ^ , a;^*^ "^"^ 
By (5.7) and (5.12) we have 

ip^ + m)l _ pnml ^^^^^^ 



p^\{p'^ + m — p^)\ pM(p^— p*)!m! 
Note also that for any m = zq + iip + i2p'^ + • — h ir-iP^~^ (0 ^ ^O; V-i < p)j 

L)(p")^Oo---oD(p'^"')*-i(a;"') = — ^0 (mod p) (5.16) 
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and for any j ^ m we have D^*'")*" o • • • o D^^"^ ^(a;-') = (mod (x)). Hence 

(5.5) holds. 

ii) We have D^P'^\ah) = ^ ., D"^(a)£'P"-"^(6), hence it is enough to 

m=0 

express -^D^ {0 < m < p'^) as a polynimial of -D*^^ \ -D*^^ with coefficients 

in Z(p) . Let m = zq + + 12?"^ H h V-iP'^"'^ (0 < io, V-i < p)- By (5.7) 

we see there exists c G Z^^^ such that 

l^D"^ = c— ^ — -— = cD^P>° o . • . o D^p'^'^^ir-i (517) 

m! (p!)*i • • • (p'^-M)*'--! ^ ^ 

By (5.17) we can see the uniqueness of A^. 

iii) The first assertion is obvious. For any multiple m of , decompose to 
m = p^'q, where s > r and p \ q. By (5.7) we get (^^J^ly^ps, = q (mod p), 
hence by (5.12) we see that (^rn^^)\p^\ = ^ (mod p) when s > r. Therefore 
jj{p = pr;(^lpr)| 3^"^~^ is congruent to ^cc™'"^ modulo p in any case. 
This shows that the restriction of -D^^ on Fp[x^ ] C ¥p[x] is equal to where 
y = xP\ Q.E.D. 

View Spec(i?) as Ga/z, whose addition is given by a*{x) = x<^l + l<S>x. For 
any r e N, Ga/z <8) = Ga/Vp has a closed subgroup scheme 

Hr = Ga/Wp [F'+^] ^ apr+i = Spec{Br) (5.18) 

where Br = ¥p[x]/{xP^ ). Each D^^') {0 < i < r) gives a left invariant differential 
operator ti satisfying ti{xP') — 6ij (0 < i,j < r). Note that x,^^,...,^^ form a 
basis of the a- module of Hr- By Theorem 4.1 we see each U = ti\o e is a 
Dieudonne element of H^, where tr is a Dieudonne generator, and U = V^'^~'^^*tr 
(0 < z < r). By Vh,,/Fp = we have F^d /p^ = 0, hence = {0 < i < r). 
Therefore B^ = Fp[yo, yr]/(j/o' J^r); where each j/j corresponds to U, and 

(5.6) gives 

a*{yi) = Xi{V'*yi®l, mv'*yi, V'-^*yi®l, l®V'-^*yi, yi®l, myi) {0 < i < r) 

(5.19) 

This shows that Aj and (pi take same values on Bj? . Summarizing we have 

Corollary 5.1. The structure ring of a^r+i is isomorphic to Fp[yo, vA/iVQi J/r);| 
whose co-addition is given by (5.19). Furthermore, 

Ai = 0i (mod(p,yg,...,y^)) (0<z<r) (5.20) 
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where is the polynomial defined in §2. 



Example 5.2. In the case r = 1, we have 01 as in (5.1), while 

1 

Ai(a;o,yo,a;i,yi) = a;i+?/i + J^——— 3^02/0 * (5-21) 

i=l ' 

which is not in Z[a;o, J/Oj a^ij yi]) but congruent to 0i modulo p. 

Let /c D Fp be an algebraically closed field. It is easy to classify all G = 
Spec(A) G Ob(2tb|^f) of length 2 by Dieudonne module theory. Up to isomorphism 
D{G) has only four possible cases: 

iA/A{F, y))®^ A/A{F^, V), A/A{F, V^), A/A{F - V,p) (5.22) 

The first one corresponds to a^; the secong one corresponds to Q;p2; and the third 
one corresponds to a^, whose group scheme structure is explained in Corollary 
5.1. The last one corresponds to E\p\ for a supersingular elliptic curve over k, 
whose group scheme structure can be calculated using Theorem 3.1. We have 

2 

E\p] = ^Y>^ck[xi]/ {x\ ), where xi satisfies 

a*{xi) = xi^kW^kXi+Y] -77, TTTxi^^kX^^ 0*{xi) = 0, (-l)*(a;i) = -xM 

friJ-KP-jV- I 

(5.23) 
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